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Abstract. One of Demailly's characterization of Seshadri constants on ample 
line bundles works with Lelong numbers of certain positive singular hermitian 
metrics. In this note sections of multiples of the line bundle are used to produce 
such metrics and then to deduce another formula for Seshadri constants. It 
is applied to compute Seshadri constants on blown up products of curves, 
to disprove a conjectured characterization of maximal rationally connected 
quotients and to introduce a new approach to Nagata's conjecture. 



0. Introduction 

In 1990 Demailly introduced Seshadri constants e(L,x) for nef line bundles L on 
projective complex manifolds X |Dem92) : 

e(L, x) := inf 



C3x multzC 

where the infimum is taken over all irreducible curves passing through x. They refine 
constants e(L) appearing in Seshadri's ampleness criterion |Laz04l Thm.1.4.13] and 
quantify how much of the positivity of an ample line bundle can be localized at a 
given point. 

These constants gained immediately a lot of interest in algebraic geometry; for 
example lower bounds on Seshadri constants were used to produce sections in ad- 
joint bundles |Laz97| . It also turned out that explicit calculations of Seshadri 
constants are difficult in almost every concrete situation (see for example the work 
of Garcia Oar05| on ruled surfaces) and it is not easier to give (interesting) upper 
and lower bounds for them. From their very definition it seems easier to deter- 
mine upper bounds (by showing that a curve with appropriate intersection number 
and multiplicity exists) than lower bounds (via the non-existence of such curves) 
| EKL95lE99] , 

On the other hand Demailly gave two more equivalent definitions of Seshadri con- 
stants C| Dem92l Thm.6.4] or Prop. O|) : 

(L ) (L ) s < ^ sm S mar me tric h on L : iOh > 0, 
' ~ ' '~ 7 S e U ^+ \ x isolated pole of 9/ l; is(9 h , x) = 7 

where v(Qh, x) is the Lelong number of the curvature current iQh in x, and 

e(L, x) = <t(L, x) := sup —s(kL, x) 

ken k 
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where 

the sections in H°(X, kL) generate all s — jets in 



s(kL,x) :- max^ J*kL = O x (kL) /m^ 1 

In the nef case we still have 

e(L,x) > j(L,x) > <j{L,x). 

The definitions of o~(L,x) and j(L,x) allow to give lower bounds for Seshadri con- 
stants by constructing sections of kL with special properties. For o~(L 7 x) this is 
obvious whereas for j(L,x) we first need a better understanding of singular her- 
mitian metrics, their curvature currents and Lelong numbers. 

1. Lelong numbers and Seshadri constants 

Let us repeat the relevant definitions (consult DcmOO for further properties and 
examples): A singular hcrmitian metric h on a holomorphic line bundle L is given 

in any trivialization 9 : Lin — — > x C by 

\Uh= |0(O|e-* h(B) , xtV, H€L X , 

where the function 4>h £ ^ioc(^) ^ s caue( i the weight of the metric h (w.r.t. the 
trivialization 9). 

The curvature current Qh of L is given by the closed (1, l)-current Qh = -dd<fih- 
This current exists in the sense of distribution theory because of 4>h £ ^ioc(^) ano - 
is independent of the chosen trivialization. 

The most important example for the rest of these notes is the possibly singular 
metric on L induced by non-zero holomorphic sections a\, . . . ,<7/v of L which is 
given in any trivialization by 

ii,ii 2= \m? 

lMh \9(a 1 (x)W + ... + \9(a N (xW 
Then the associated weight function is 

<^(z)=log( l M*))| 2 

\l<J<-iV 

which is a plurisubharmonic function, so Qh is a (closed) positive current. The order 
of logarithmic poles of a plurisubharmonic function in a point x £ X is measured 
by the Lelong number 

>(*) 



v{4>, x) :— liminf 



log | z 



Lemma 1.1. Let <fi(z) — l°g(X)i<j<A' l^( cr i( ;E ))| 2 )^ ^ e ^ e weight of the hermitian 
metric on L induced by the holomorphic sections a\, . . . ,o~n w.r.t. a trivialization 
9 on an open subset f2 C X . Then for every point x £ Q: 

v(d), x) = min {ordj-cr, }. 

l<j<N 

Proof. In dimension 1 this is clear by definition. In higher dimensions restriction 
to sufficiently general lines shows at least 

v(4>, x) < min {ord^cr, }. 

i<j<N J 
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To get the other inequality set x := and add enough monomials z a with \a\ = v 
until we get 

< ^(*) = log ( E \<*-z a -K{z) 

\\a\=u 

for some holomorphic functions h a defined around 0. These h a are bounded in a 
neighborhood of hence there exist constants C, C > such that 

<p'(z) < logC + log( E \a\-z a \ 2 )^ < logC" + log(|z Q | 2,y )i 

\a\=v 

But then 

. iogCz«ni 

hm mf — = v. 

z^x log |^;| 

□ 

Now we are able to calculate -f(L,x) from multiplicities of divisors passing 
through x: 

Theorem 1.2. Let L be an ample line bundle on an n- dimensional projective com- 
plex manifold X. Then 



e(L, x) = sup 

k;D 1 ,...,D n 3x 



min i=1> ... i „{mult x A} 



k 



where the supremum is taken over all divisors Di, . . . , D n £ \kL\ such that x is an 
isolated point of D\ fl . . . fl D n . 

Proof. We know that for ample line bundles 

e(L, x) = a(L, x) = sup ys(kL, x). 

k k 

so for every S > there is a k » such that 

s 1 

e(L,x) — S < — := —s(kL,x) < e(L,x). 
k k 

Hence H°(X,kL) generates all s-jets in x and we can find holomorphic sections 
fl, . . . , f n whose s-jets in x are the monomials z-, i — 1, . . . , n. The weight of the 
associated metric on L has an isolated pole of Lclong number | in x and in the 
limit we get 

(T fmin i= i j ... i „{mult a; A}\ 
e(L,x)< sup <^ — }. 

k;D!,...,D n 3x I K J 

On the other hand n holomorphic sections o~\ , . . . , o~ n of kL (which are the 0-divisors 
of Di, . . . , D n ) define a metric h on kL. If we multiply <ph by \ we get a metric on 
L with isolated pole in x hence the other inequality. □ 

Remark 1.3. An algebraic proof of the theorem may be deduced from an observation 
already used in the algebraic proof of the equality 

e(L, x) = a(L, x), 
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cf. |Laz04l 5.18]: Let C 3 x be any irreducible and reduced curve. Since \kL\ 
separates s-jets we can find a divisor F k £ \kL\ such that mxi\t x (Fk) > s and 
C (t F k . Then 

k(L-C) = (Ffc-C) 

> mult x (F k ) ■ nm\t x (C) 

> s ■ mult^C). 



2. Seshadri constants on blown up products of two curves 

We use Theorem 11.21 for computing Seshadri constants on products of two curves 
and some of their blow ups. 

Proposition 2.1. Let X = C\ x C 2 be the product of two smooth projective curves, 
Pi : X — > C\ , P2 : X —>■ C 2 the projections and a a divisor of degree a > on C\ , b 
a divisor of degree b > on C2. Let L — p\a + p^b be an ample divisor on X and 
x any point on X . Then 

e(L,x) = min(a,6). 

Proof. Let Fi be the numerical equivalence class of the fibers oipi, i = 1, 2. Let E 
be the exceptional divisor of the blow up of X in x. Then 

(aFi + bF 2 - mE){F 1 -E)=b-m , (aFi + bF 2 - mE)(F 2 - E) = a - m. 

Since F\—E, F 2 —E are the (numerical classes of the) strict transforms of the vertical 
resp. horizontal fiber through x a line bundle of numerical class aF\ + bF 2 — mE is 
ample only if b — m > 0, a — m > by Seshadri's amplcncss criterion. This implies 

e(L,x) < min(a,6). 

On the other hand let Pi = p%(x) G C\ and P 2 = p 2 {x) S C 2 . For a' = ak, 
k ^> 0, there exists an A 2 S \a' P\\ such that A 2 — Pi is not effective. Similarly for 
b 1 = bk there is a B 2 £ \b'P 2 \ such that B 2 — P 2 is not effective. Setting A\ = a 1 Pi, 
Bi = b'P 2 we conclude that x is an isolated point of [Ai + B 2 ) n (A 2 + Bi) and 

min(multa;(Ai + B 2 ), um\t x (A 2 + BA) imn(ak,bk) 
k = k = mm ' a ' 

Now Seshadri constants are by definition numerical invariants. Since A\ + B 2 and 
A 2 + Bi belong to a line bundle with numerical class k(aFi + bF 2 ) the theorem 
follows from Theorem ll.2l □ 

Let X = Ci x C 2 , a, b, a, b and L be as in the last proposition. 

Proposition 2.2. Let ir n : X^ — > X be the blow up of X in n points X\, . . . ,x n 
where no two of them lie on the same horizontal or vertical fiber. Then for 

n n 

L^ := 7r* L — niiEi, < rrii < min(a, b), m t < max(a, b), 

i=l i=l 

Ei the exceptional divisor over Xi we have 

e(L^ n \y) = mhx(a,b) 



for every point y not lying on the same horizontal or vertical fiber as one of the Xi . 
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Proof. Starting with Proposition ^. H and using inductively the proposition together 
with Seshadri's ampleness criterion we conclude that L^ n ' is ample. As before we 
compute for the blow up X^ n+1 ^ of X'") in y that (P n +i the exceptional divisor 
over y) 

n 

{tt* +1 L - ^ m%Ei - mE n+ i)(Fi - E n+1 ) = b-m 

i=l 

and analogously for F2 — E n+ i. Consequently 

e(L {n \y) < min(o,6). 

It is enough to show the proposition for a = b since for two nef line bundles L, M 
it is by definition true that 

e(L + M,x) > e{L,x). 
Let Pi = px(xi),P = pi(y), Qi = P2(%i), Q = P2(y)- We distinguish two cases: 

(1) a > J2i m i- Then there is q such that \qaP — qY miPi\ is a base point free 
linear system on C\. Consequently we have a divisor P[ + . . . + Pq( a _y^ OTj ) 
in this linear system such that all P- 7^ P. Similarly, for g > the linear 
system \qaQ — q Y TUiQi\ is base point free on C 2 and contains an element 

Q'i + ■ ■ ■ + Q' q (a-E m») with Q'j + Q- Settin s 

A 1 = qaP, A 2 = qJ2 ™i P i + P i' 

Pi = qJ2 m iQi+J2 Q 'j' 
B 2 = qaQ 
we can apply Theorem 1 1.21 on 

7r* L' - 2J = q{it* n L - ^ m i E i) 

where L' = 0{A X + Pi) = ©(,42 + P 2 ) and conclude 
e(P,y) > — = a- 

(2) a = m i- Then for all q G N there exists a g' such that 

I - (q'qa - q')P + g'g^mjPi| and |g'g TO^Qi - (q'qa - q')Q\ 

are base point free linear systems on C\ and C 2 . Consequently we have 
divisors P" + . . . + P£ and Q'{ + . . . + Q" ql in these linear systems such that 
P'! ^ P and Q'l + Q. Setting 

A 1 = (q'qa-q')P + J2Pj, A 2 = q'qJ2™iPi, 

Pi = q'q/.miQi 

P 2 = (q'qa-q')Q + q'qJ2kQi + J2Qj 
we can again apply Theorem ll.2l on 

7T* L' - ^2 m i E i = q'^nL - ^2 m i E i) 

where L' = 0(A 1 + Pi) = 0(A 2 + B 2 ) and conclude 

it s ^ q'qa -q' 1 
e(P, 2/J > ; = a - -. 
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But since q can be chosen arbitrarily big this implies 

e(L,y) > a. 

□ 

Of course we can similarly calculate Seshadri constants of (some) ample line bundles 
on the the blown up variety when some of the cc, lie on the same horizontal or vertical 
fiber or on exceptional divisors. Let us instead use Prop. l2~2l to study 

3. FlBRATIONS WITH RATIONALLY CONNECTED FIBERS 

In Miy86 Miyaoka presented a method to construct fibrations with rational 
connected fibers (see also Shepherd-Barrons account of this work in SB92 and 
Bogomolov-McQuillan's approach BM01 , further explained in [KTS05) ): 
Let X be an n-dimensional projective complex manifold and fix an ample line bun- 
dle A on X (a polarization of X). Consider sufficiently general complete intersection 
curves C £ \kiAf) . . . PI k n -iA\ , fc, ^> on X. Miyaoka observed that the leaves of a 
foliation T C Tx (i.e. a saturated sheaf closed under the Lie bracket) are rationally 
connected fibers of a (rational) fibration if T\c is ample. 

To get such foliations we can use the properties of the Harder- Narasimhan filtration: 
For every torsion-free sheaf £ on X there is a unique filtration, the so-called Harder- 
Narasimhan filtration of £, 

= £ Q c £t c . . . c £ k = £ 
such that the Q L — £ij£i-\ are semi-stable torsion free sheaves whose slopes satisfy 

Mmax(£) := KGl) = -T77TT > ■ ■ ■ > V-{Gk) =■ Mmin(£)- 

rfe(yi) 

Furthermore the £i are saturated in £. Finally, by Mehta-Ramanathans theorem 
the restriction of the Harder-Narasimhan filtration of £ on a general complete in- 
tersection curve C is again the Harder-Narasimhan filtration of the vector bundle 
£\c- See Scs82, Siu87 for an introduction, proofs and further properties of the 
Harder-Narasimhan filtration and slopes. 

For our purposes we need the following proposition explicitly shown in |KT S05 : 
Proposition 3.1. Let 

= f„cJiC...Cf t = Tx 

be the Harder-Narasimhan filtration of the tangent bundle of X with respect to the 
polarization A. Assume that fi(Fi) > and set 

j := max{i : fi(Ti/ Ti-i)}. 

For any < i < j the sheafs is a foliation on X, andJ^^c * s ample. If Tc C T X \c 
is any ample subbundle, then Tc is contained in J- ~j\c- 

Proof. See jKTSOSI Prop.29,30]. □ 

On the other hand Campana Cam81, CamM] and Kollar, Miyaoka and 
Mori KMM92 constructed the maximal rationally connected (MRC) quotient of 
a projective manifold X. If we call the sheaf J-j from the proposition above the 
maximal A-ample part of Tx it is tempting to ask 
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Question 3.2. Does the MRC quotient induce a foliation T such that T is the 
maximal A-ample part of Tx ? 

Unfortunately the answer to this question is negative already on surfaces: Let 
X = C x P 1 be the ruled product surface over an elliptic curve C with projections 
Pi : X — > C, P2 ■ X — > P 1 . Let X\,X2,X3 be 3 points on X such that no two of 
them lie on the same horizontal or vertical fiber. Let tt : X — > X be the blow up of 
X in xi,X2, x% and let 

L = p\a + p*,b, deg c a = 3, deg P i b = 4. 

L is an ample line bundle on X and it follows from Prop. TT3\ that 

L' = tt*L - 2E 1 - 2E 2 - 2E 3 

is ample, too. (Here the Ei are the exceptional divisors on X over Xj.) On the other 
hand the MRC quotient of X is just the blown-up ruling of X (that is a simple 
consequence of surface classification). The induced foliation T has tangent sheaf 

Tr=p* 2 0{2)-E x -E 2 -Ez 

as a local computation around the blown up points show (see Bru04 ). We have 

L'.Tjr = 

and hence no complete intersection curve C € \kL'\ intersects Tjr positively. 
Of course the situation improves if we add to L' some fibers of the projection onto 
C. Hence we may change Question 13 . 21 and ask for the existence of a polarization 
A with the desired properties. 



4. SESHADRI CONSTANTS ON SETS OF POINTS 

Finally we turn to Seshadri constants associated to sets of points. 

Definition 4.1. Let L be an ample line bundle on an irreducible projective variety 
X and let Xi, . . . , x r be arbitrary points on X . Then we define 

r 

e(L; X\, . . . , x r ) = max{e > : tt* L — e ■ Ei is nef} 

i=l 

where tt : X — ► X is the blow up of X in x±, . . . , x r and Ei C X is the exceptional 
divisor over Xi. 

As for a single point there are other possibilities to compute e(L; x\, . . . , x r ). For 
simplicity of notation we only consider the surface case: 

Proposition 4.2. Let L be an ample line bundle on a surface X and x\, . . . , x r € X 

be arbitrary points. Then e(L; X\, . . . , x r ) equals 

inf _ L.C 

where the infimum is taken over all irreducible curves C C X , 

s(kL; x\. . . . , x r ) 

SUP : 

k k 



s 
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where s(kL;xi,...,x r ) is defined as the maximal s such that 
H°(X, kL) — > 0[ =1 Ox.xjm 3 ^ 1 is surjective and 

minj min i= i,2(mult a; A) 
sup 

k;D 1 ,D 2 & 

where the supremum is taken over all pairs of divisors A, A € \kL\ such that 
x\, . . . , x r are isolated points in A n A- 

Proof. We slightly generalize the arguments in |Dem 92 Thm.6.4]: The first equality 
is a direct consequence of Seshadri's ampleness criterion. Next suppose that there 
are two divisors A, A € \kL\ such that x\, . . . ,x r are isolated points in A n A> 
If fij, fij are local equations of A, A w.r.t. a trivialization 6j in a neighborhood 
Qj of Xj, 

l€U:=l«i(0|e-^ 

with weight function <j>j = i log(|/ij| 2 + |/2j| 2 ) defines a positive singular hermitian 
metric on L with isolated poles at the Xj and Lelong numbers 

jj := u((j)j,Xj) = mi^mult^. A, mult Xj D 2 }. 

Set c(L) = -^dd(f) on Clj and let C be an irreducible curve. Then 

L.C = f c(L) > £ I > 



r- 



E. ^ minj ; min i= i 2 (mult x A) 1-L 
7jmult^C > 3 - — -^multaj.C 

because the last integral is larger than the Lelong number of the integration current 
[C] w.r.t. the weight ^ and we may apply the comparison theorem with the 
ordinary Lelong number associated to the weight log \z — x\ (see [DemOOl 2.B] for 
more details). Therefore 

mhij min i= i, 2 (mult a; -A) 
e{L;xi,...,x r )> sup : . 

k;Di,D 2 fc 

Now fix a coordinate system (zi, z%) on flj centered at Xj. For s := s(kL; xi, . . . , x r ) 
the sections in H°(X,kL) generate all combinations of s-jets at all points Xj and 
we can find two holomorphic sections f\, / 2 whose s-jets are zf, 2 2 at every Xj. We 
define a global positive singular metric by 

ICU :=|fi(0|e-*' 

with weight function <j>j = j: log(|0j(/i)| 2 + \0j{f2)\ 2 )- Then <j>j has isolated poles 
with Lelong number f at Xj thus 

min,- min i= i 2 (mult x , A) ^ s 
SU P E 1 > T- 

k;D u D 2 k k 

Finally by using Kodaira's vanishing theorem for (D(pir* L — q Y^j=i ^j) with 

q 



we can show that 



< e(L;xi, ...,x r ) 
P 



s(kL; xi, . . . , x r ) . . 

sup ; > e(L;xi, . . .,x r ). 

k k 
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□ 



5. The Nagata conjecture 

A celebrated conjecture of Nagata may be seen as a statement on Seshadri constants 
associated to sets of points in P 2 : Let 

7T : X = Bl r (P 2 ) -> P 2 

be the blow up of the projective plane in a finite set S C P 2 consisting of r very 
general points. Denote by H the pull back of a line to X, and let Ex, . . . ,E r be 
the exceptional divisors over the Xj. Nagata Nag59^ conjectured in effect that the 
R-divisor 

is nef on X provided that r > 9. 

It is well known that Nagata's conjecture is implied by another conjecture of Har- 
bourne and Hirschowitz about spaces C d (n m ) of plane curves of given degree d and 
multiplicity at least m at n general points Mir99, CM01 . This conjecture tries to 
detect those of the spaces Cd{n m ) which do not have the expected dimension 

. did + 3) m(m + 1) . 

max - 1, n ■ ^1. 

V ' 2 2 ' 

In particular it implies that the Cd(n m ) do have expected dimension if d > 3m 

EHD3- 

On the other hand there is a complete classification of (non) special systems Cd{n m ) 
for n < 9: 

Theorem 5.1 f jUMOOl Thm.2.4]). For n < 9 the special linear systems C d (n m ) 
are 

C d (2 m ) with m<d<2m-2 
£ d (3 m ) with 3m/2 < d < 2m - 2 
£ d (5 m ) with 2m<d< (5m - 2)/2 
C d (6 rn ) with 12m/5 < d < (5m - 2) /2 
C d (7 m ) with 21m/8 < d < (8m - 2) /3 
C d (8 rn ) with 48m/17< d< (17m-2)/6. 

□ 

We show now that it is not necessary to prove the Harbourne-Hirschowitz conjec- 
ture for every triple (d, n, m) to get Nagata's conjecture or at least a lower bound 
for the Seshadri constant of H and r general points on P 2 : 

Theorem 5.2. Let r > 9 be an integer and (di,mi) a sequence of pairs of pos- 
itive integers such that J_ > \ an d th e space C di (r mi+1 ) has expected 
dimension > 0. Then 

is nef on X. In particular, Nagata's conjecture is true for r general points in P 2 ; 
if a = \. 
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Note furthermore that the assumptions of the theorem on the spaces £<2; (?" mi+1 ) 
follow from the Harbourne-Hirschowitz conjecture since ^- — > y/r implies di > 3TOi 
for i big enough if r > 9. 

Proof of the Theorem. Note first that if we define m(d,r) as the maximal m such 
that 

d(d + 3) m(m+l) 



> 



we get for fixed r that 



m(d,r) 1 

hm 



Next we observe the following fact: Since Cd^r 1 ) has also the expected dimension 
(this is the Multiplicity One Theorem in CM98 ) the intermediate spaces (r" H ) 
and 

C di (k m \(r-k) m * +1 ), k = 0,...,r 

(denoting the space of curves having multiplicity m, in k points and multiplicity 
to; + 1 in r — k points) have expected dimension. 

Now let 7r : X = Bl r (P 2 ) — » P 2 be the blow up of P 2 in r general points xx,...,x r . 
We choose m, points yij , . . . , y mi j on every exceptional divisor Ej over Xj and 
consider the space of curves C C X passing through the points ykj a , k = l,...,rm 
for some fixed jo such that 

(i) deg7r(C) = di and 

(ii) 7r(C) has multiplicity m, + 1 in the points x\, . . . , Xj -i, Xj 0+ \, . . . , x r . 
The expected dimension of this space is 

dim£ d< (l m< ,(r-l) m * +1 )-m i > dim £ d< (l m % (r - - mi - 1 = 

= £ dl (r m > +1 ). 

Hence there exists a curve C C P 2 in this space having multiplicity exactly nrn in 
Xj and whose tangent cone is given by the points y±j , . . . , y mi j ■ 
The r-tuples of pairwise disjoint points in P 2 with one marked point is parametrized 
by the subvariety 

W c >■ ((P 2 ) r -D)xP 2 p2 



pr 

Y 

D2\r 



(P 2 ) r - D 

where D collects all r-tuples in (P 2 ) r containing one point (at least) twice. A fiber of 
W over an r-tuple in (P 2 ) r — D is just the scheme of the r points in the tuple. Since 
the fibers of the other projection are Zariski-open and hence irreducible subsets of 
(P 2 ) r ~ 1 the algebraic subset W is irreducible. 

Consequently no Zariski-closed subset of W can dominate (P 2 ) r — D and we can 
find a tuple (x%, . . . , x r ) such that for every jo = 1, ■ • ■ > r there are curves C as 
described above. Considering these curves as divisors of degree di and adding them 
gives a divisor D which has exactly multiplicity m, in every point Xi and whose 
tangent cone in Xi is described by the y^, j — 1, . . . , m*. 
Choosing points y'^ such that 

{ya, . . . ,y imi } n {y' a , . . . ,y' im \ = 0, i = l,...,r 
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we get in the same way another divisor D' such that D n D' contains 

isolated points and mult^D = mult^-D' = to;. The two divisors D and £)' may be 

used to derive from Prop. rOl 

TYl ' 

-j- < e(H;xi, . . .,x r ). 

On the other hand computing the self intersection of n* H — -^^2,Ei shows that 

e(H;xx, . ..,x r ) < —= 

hence the last part of the theorem on the Nagata conjecture. □ 
The reason behind this approach to Nagata's conjecture is that recent attacks on 
the Harbourne-Hirschowitz conjecture work with recursions which unfortunately 
have some gaps. But it might be worth checking if around these gaps there are 
sequences of triples (r,di,m,i) as in the theorem. We carry out this program with 
the Ciliberto-Miranda recursion CM98 , CMOO . It relies on a deformation argument 
splitting linear systems on P 2 in another one on P 2 and one on P 2 blown up in one 
point (which can immediately be transformed into a linear system on P 2 again). 
Studying their intersection Ciliberto and Miranda were able to prove 

Proposition 5.3 ( [CM98I Cor.3.4]). Fix d, n andm. Suppose that positive integers 
k and b exist, with < k < d and < b < n such that £d-k-i((n — h) m ) and 
Cd(l d ~ k+1 ,b m ) are non-empty and non-special linear systems. 
Then Cd{n m ) is non-empty and non- special. 

Here, £d{]- d ~ k+1 , b m is the linear system of degree d curves on P 2 having multiplicity 
d — k + 1 in one general point and to in b other general points. To deal with such 
quasi-homogeneous systems Ciliberto and Miranda used the quadratic Cremona 
transformation to show 

Proposition 5.4 f |CM98l Prop.6.2]). Let £ = £ d (l d ~"\ n m ) with 2 < m < d. 
Write d = qm + fi with < [i < m — 1 and n = 2h + e with e € {0, 1}. If q > h 
then C is non-empty and non- special. 

Corollary 5.5 C jCMflSI Cor.6.3]). Let C = £ d {l d ~ m+1 , n m ) and 
£ = Cd-n(l d ^ n ^ m+1 ,n m ^ 1 ). Then C is non-empty and non-special if £' is 
non-empty and non-special. 

Combining these results with the classification of non-special systems for r < 9 
points in Theorem 15. II S. Barkowski |Bar06| was able to construct sequences as in 
Theorem 15.21 recursively on the number of points r. Using the notation of Theo- 
rem their properties can be summarized as follows: 



r 


s 2 + l 


s 2 + 2 


s 2 - 


f 3 


s 2 - 


f 4 






s + ± 


s -+ 


'i 

3 


s 4 


b 
6 



Unfortunately, for s 2 + k, 5 < s < 2s + 1 the best lower bound is still which 
can already be deduced from Nagata's solution for a square number r = (s + l) 2 of 
points. Even worse, it seems not be possible to improve these lower bounds with 
the Ciliberto-Miranda recursion. 
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